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NOMENCLATURE

W = deflection

‘P= mass density

h = thickness

t = time

= Young's Modulus
Poissonts ratio

= Eh3 = flexural rigidity of plate

xj U“ =1
"

Htanch
transVerse load

coordinate in normal direction at plate boundary

o]
"

coordinate in tangential direction at plate boundary

s
X = rotational compliance or stiffness
I = moment of inertia of cross-section of bar

A = Area of cross-section of bar
Y = EI
24
6 k<
Kn = frequency number of pth mode of vibration
R = ratio of depth of notch to thickness of plate or of bar

P= for plate
al J

PBC; i for bar

P = c¢ircular frequency of fundamental mode
C = Constant

a ® length of side of plate

f S length ot bar



1.
INTRODUCTTON

In technology it is sometimes necessary to investigate experimentally the
effects of damping materials, stiffeners, or even thickness variations on the
vibration characteristics of plates. An especially interesting example of the need
for obtaining simply supported rectangular plates oc:urred in a study by T. Vogel
of the sound-insulating properties of singlec walls and double-walled partitions(l)l.
In order to make such investigations, mathematically specified boundary conditions
must usually be experimentally obtainable. This need is particularly felt if com-
parison is to be made between theoretical predictions and experimental results.

Providing appropriate bLoundary conditions for flexural vibration experiments
with plates offers a challenge to the researcher. The problem is much more diffi-
cult tﬁan that for the flexural vibration of thin bars, which are practically one-
dimensional in space variables. The so-called fixed plate may be obtained by
welding its boundary to a ridrid support or by machining the plate from a solid
block of material leaving a thick ring at the boundary which may be heavily clamped
to a ridgid support. On the other hand, the co.dition of zero rotational constraint
or what is sametimes called simple support is much more difficult to obtain. There
are also the cases of intermediate rotational constraint which arise in connection
with various physical problems.

It is the purpose of this paper to describe a method of suitably providing
riven boundary conditions for bending experiments with t!in elastic plates. The
case of zero rotational constraint and zero deflection at the boundary is especially
studied for use in a future investigation of the dynamical characteristics of certain
structures. The investigation is limited to small vibrations; that is, deflections
are small compared to the thickness of the plate.

1l
numbers in parentheses refer to bibliography at end of paper.
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AMALYTICAL DEFINITION OF THE PROBLEM
The bending theory of thin elastic plates is well known by now (2). In Fig. 1
is shown diagrammatically a curvilinear plate. The difl'erential equation for the

forced transverse vibrations of such a plate may be written as follows:
4 dW %
DV w +Ph t’-'F""-_---°C']

The boundary conditions studied in the preseni paper are:

\N""=
- s = EzJ
D(5n Pw, 4y - -
T YJS‘)
The latter condition in [2] states that the bending moment at the edge is
proporticnal to the normal derivative or slope at tle edge. The essential problem
is to see how this boundary condition can be met in rhe contemplated experiments
with plates. It will be s'own that a V-notch rroovc near and parallel to the
boundary, as shown in Fig. 1(b), will provide the means.
It may be here noted that the general solution of [1] subject to [2]13 diffi-

cult and not available in the literature.

PRELIMINARY STUDY OF FLEXURAL VIBRATIONS OF A BAR
Because it is relatively simple tc analytically solve the flexural vibration
problem for a long thin bar and to mske experiments with it, a preliminary study
of the effect of V-notches was conducted for the bar. The essential question is
" whether a notch can be machired near the end oi the bar to provide a given rota-
tional constraint at that end.
For the small flexural vibrations of a bar, the 1ifferential equations and

boundary condltions are (3):

I i §
T Y+ PAw F &t ) [2]

The boundary conditions are similar to those for the plate:
a o
? _ S E‘]
EIL:. v f 4
) ox
See nomenclature table for definition of symbols.

)
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If F =0, a solution of 13 | subjeet to ll. { gives the following frequency

equation: ‘ 2, .
(1= ccodcoh)+ Ve (Leth® Sind —5inhacote) 120§ Sk gceohe =o

I

The values e which satisfy [ 5] for o ;'ivenv cwovide all of the eigen
values of the problem, however in the subsequent worl: co.icarisonsc between experi-
nent and theory are made only for the fundanental f{requoncy.

The bagic assumption in the investization «f the rotationzl compliance or
constraint at the boundary is that the fundanental i reuenc; detertiines it . In
other words an experinental determiantion of the rfundriental frequency by the
resonance nethod is made. In the case of the bar, however, it vas also rather easy
to neasure the stiffness factor'ﬂ in equation C 5_]19;' .0ains of statical loading
tests and corpute frequencies corresponding to these stiffnesses,

EXPERT BUTAL LLVESLIGA 10 O Baul

While the nain interest of tiils investization ceatered in the plate problen
a few notched bars were prepared and tested. Cold rolled flat bar stock 3/8% x
3/16" in cross-section were cut into bars of ap iro;.clate length and notched near
the ends as shown in Pigs. 28 and 4. The syrbolical equivalent of these bars is
shown in Fig. 2b. For a given spring stiffness or constraint at the end of the
bar a given boundary condition corresponding to L 4 J is obtained. In order to
statically determine the rotational spring constraints or corpliances, bending
tosts were perforiied on the bars held rigidly just outside of the notches with
apparatus shown in Fig. 3. For a series of increasing loads W on the free end of
a bar the corresponding rotations near the supported end were measured with a
micrometer as indicated. Contact of the nicrometer witi the rotation angle
indicator was made apparent by an electron tube device which is quite sensitive
for statical work of this type. Four small bars each with a 90° V-notch of given

depth were tested. From the data of these tests, anjular rotation as function of
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moment was plotted and the slope of the resulting approximate straight line was
determined for each notch depth. The moment per unit angular deflection OX , was
thus deternined and plotted in Fig., 7 as a function of iue rasio of notch depta
to bar thickness, R. The angular compliance is the constant required in boundary
condition [41 of the analytical formulation.

The apparatus for determining the frequencics of vibration of the bar as well
as of the plate is shown in rFi;. 5 and 6, The enda of tie bar werc -lam.ed-rigidly
in the frame leaving the nciched portions just clear of the clands us shéwn in
Fig. 5. The electromagnet, shcwn i:. Fig. 4, drivon L a ilevlett-Pacliard oscilla-
tor was used to excite resonant vitrations in the bars. nesonance wac determined
with a crystal type vibration pick-up held lightly against the gurfsce of the bar.
The output from the pickup was fed directly to a cathode ray oucilloscope where
the resonance condition could bo readily detected.

The variation of E) , root of frequency equation tsi], with stiffneas factor
TL/ , 18 shown as a curve in Fig. 8. Four ex;eri:ental points for the fundamen-
tal mode are shown here also. The value 79/ was ccoputed fron the experimentally
determined quantities and © was obtained fron measured vibration frequencies for
given notch depth which corresponded with e:perimentally determined rotational
coapliance (X .

Finally the experimental results are plotted in Fig. 9 showing the relation
of physical constant C in circular frequency equation with notch depth ratio R.
The fundanmental frequencies for il equal zero and R equal unity are calculated from

theory of fixed-fixed and hinged-hinged bar. The intermediate four prints were
determined from measured frequency and notch ratio R. Tue curve was drawn through
the two #heoretic;l end points and fitted to the four ex;erimental points.

For the purpose of investigating plates with grooved rims apjroximating

definite rotational edgo constraints, flat square plates of steel 5 3/4 x 5 3/4"
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were grooved as shown in Fig. l. A plate with a given notch rctio . was then
clamped at the outer edge in rigid frame shown in Fiz. G, A resonunce test was
periormed just as deacribed for the bar.

The experimental results are plotted in Fig. 10 showing the relatlfoa of
physical constant C in circular frequency equatioa with ...iel le,tr ratio K. The
fundamental frequencies for Il equal to zero and R equal tu unmaty are Uien {rom
the theoretical solutions of S. Iguchi (4). The intersediate foar axjerinental
roints were determined froaz measwred frequeancy aud noteh ratio d. The cwrre was
drawvn throuzh the two theoretical end points and fitterd to the Jcur e:reri.ental
points.

DISCUS3IC.

Althougzi the theorr wenticned in the Tirst part o: tils mayes is for thin
curvilinear plates in general, the expeviuentus were .wide writh square puates. It
would seen that tesis on a squarc plute provide a fair caecl. wn uie idea for using
notches to produce any desired rotaticnal boundary constraint on plates iIn goneral.
Also, the aquare plate with hinged edjcs is now aetually recuired in an independent
investigation of certain dymamical problems involving plates.

It is considered that a study of the fundamentel Ireuenc, of vibration of a
grooved plate held rigzidly on the rin just cutside of Lie greoov: will give a suit-
able test of the elastic rotational constraint on its boundary.

A theoretical solution for arbitrary rotaticual edge consiriing of plates does
not exist in the literature. However, a solution for the elasiic rectungular plate
with various edge condlitions, including the elaiped one ls given in an important
paper by Igucal (4). The nodification of Isuchi's theory to include the arbitrasy
elastic constraints can be carried out but the ewtent of tlie analysis was coansidered
to be too time consuning for the purposes of the present Investigation. If the work
were accomplished a curve for the plate analogous to that for the bar sicwn in

Fig. 8 could be constructed.
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Of course, it is not being suggested in this paper that sharp V-notches be
used in structural designs. Obviously damaging fatigue stress conditions may at
times be produced in this manner. However, for certain test purposes the Venotch
is inexpensive and convenient. In the present tests, no difficulties were
experienced., It is obvious that if a smaller stress raiscr is desired at the
groove, other reduced-section designs may be employed at the notch.

As mentioned in the introduction, the special case of a sim.ly supported
plate is a very useful one in connectlion with theoretieal investigation of plates.
involving damping materials, sound ieducing partitions, nd eflectivoness of
stiffener systems. The latter problem is now bein; investis:ted by the senior
author, with plates requiring zero rotational constraint and zero bending deflec-
tion. Since the actual notch depth R equal to unity is siructurall;s impossible
if the continuity of the plate is to be preserved it is fortinate thit the curve
of C, R in Fig. 10 approaches aaymptotical.y to a herizontal line thuiougr the
theoretical value of C at R equal to unity. This bein; the case, it would seen
that any notch ratio from eight-tenths fo unity would zive a fair representation
of a simply supported plate. Even though the notch is deep in this case, the
amount of material remaining to take the shear load and naintoin the deflection
practically zero is ample.

An attempt to produce simple support of a plate by use of rollers placed
along the edge was made but adjustment of holding screws to maintain the rollers
4n place was quite indeterminate and gave widely varying frequencies for differ-
ent adjustnents.

The condition of simple support for thin bars can best be obtained by ball
bearing supportd§ 5, . Such an arrangement also minimizes stretch of the middle
surface, The somewhat higher experimental frequencies of bars tested by the
present method of notches shows probably some effect of stretch of the middle
surface although slight.
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An cxperimental nethod utilizing a grooved rin has boen deviszed for nroducing

a thin elastic plate having any prescribed rotational ed;;a constraint.

In particular, by the method the frequently useful case of zero rotational

edge coastraint and zero deflection can be obtained as a liniting case by .wi:iaz

the notch depth ratio not actually unity but some volue between three~quarters

and unity.
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Flxed Fixed

(a)  Scematic arrangement of fixed ends with ad)acent notches,
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(b) Symbolically cquivaleat bar with rotational end constraints and with
tero deotioction @t the ends.

Figure 2 " Bor with notched ends.
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Fixed Fixed

(a)  Scematic arrangement of fixed ends with adjacent notches.
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Rotational
Spring constant
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(b)  Symbolically cquivalent bar with rotational end constrainte and with
zero defloction @t the ends.

Figure 2 " Bor with notched ends.
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FISURE 4 NOTCHED BAR AND NOTCHED PLATY Uals IX IXRIFIMENYS.
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TEST PLATE

VIBRATION PICKUP.

CLAMPING SCREWS

> ARATUS FOR VIBRATION EXPERRIENTS 0N PLATE SNOWNIL VIBRATION

FISURE 6 ASSEMBLED
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